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PROBLEM:
Building quantum information processing devices is a great challenge for scientists and engineers of the third millennium. Compound quantum systems have potential for many quantum processes, including remarkable applications: exponential speedup of quantum computers, perfect teleportation, superdense coding,  quantum cryptography and the factoring of large composite numbers. These phenomena have provided a basis for the development of modern quantum information science. But most of the surprises are still ahead of us. Quantum computation and communication, and more generally quantum information science and technologies, are here to stay and will have a profound impact on the XXI century.
The superior performance of quantum systems in computation and communication applications is predominantly rooted in a property of quantum mechanical states called entanglement. Essentially, entanglement comes along with new kinds of correlations. It is a fundamental property of quantum systems and a basic physical resource for Quantum Information, Computation and Communication. It is increasingly realized that quantum entanglement is at the heart of quantum physics and as such it may be of very broad importance for modern science and future technologies. Hence quantifying the entanglement of multipartite quantum states is a problem of vital importance.
OBJECTIVES:
Electromagnetic and strong-weak dualities provide deep insight into the nature of quantum field theories. Here we discover a new analogue of these dualities, hereinafter referred to as inverse duality, which is an inherent feature of the multipartite quantum entanglement. We use this duality to compute analytically the geometric measure of entanglement of general multipartite quantum states. Additionally,  new duality reveals two critical values for the  quantum entanglement and shows that pure quantum states at critical values are capable to teleport arbitrary multipartite states including mesoscopic and nanoscale systems. On the basis of this result we will suggest an experimentally accessible protocol for the perfect teleportation of an unknown multi-qubit state. The protocol allows us to construct a long-distance quantum communication channel of high capacity. Next we will extend the two basic operational entanglement measures, namely the entanglement cost and the distillable entanglement,  to three-qubit states. We will computed analytically these measures, as well as the relative entropy of entanglement, and use these tools to analyze the behavior of quantum states at the critical values of the quantum entanglement.

TASK 1: Duality and critical values of quantum entanglement
	Task description and main milestones
	Participating Institutions

	Task 1.1  Double maps between entangled and separable states 

Task 1.2  Double maps between inequivalent classes of entanglement
Task 1.3  Stationary points of dual transformations
	            University of York, Britain

	                                                                    Description of deliverables



	1. Inverse duality transformations for quantum entanglement,

2. Critical values of multipartite entanglement



TASK 2: Teleportation of multipartite states through noisy channels
	Task description and main milestones
	Participating Institutions

	Task 2.1  Multipartite pure states applicable for perfect teleportation 

Task 2.2  Measurement basis, local operations assisted by classical 
                 communication
Task 2.3  Teleportation through noisy channels via mixed states
	Kyungnam University, 

Korea

	                                                                            Description of deliverables



	1. Explicit protocol for teleportation of multipartite states  through noisy channels 
2. Long-distance quantum communication channel of high capacity



TASK 3: Tripartite quantum states at criticality
	Task description and main milestones
	Participating Institutions

	Task 3.1  Distillation and dilution of the three-qubit entanglement
Task 3.2  Reduced stationarity equations for the relative entropy 
                of entanglement
	University of British  Columbia, Canada

	                                                             Description of deliverables



	1. The entanglement cost and distillable entanglement of three-qubit states
2. Relative entropy of entanglement of pure three-qubit states


IMPACT:
Quantum information science is a new field of science and technology, combining and drawing on the disciplines of physical science, mathematics, computer science, and engineering. Its aim is to understand how certain fundamental laws of physics can be harnessed to dramatically improve the acquisition, transmission, and processing of information. The exciting scientific opportunities offered by quantum information science are attracting the interest of a growing community of scientists and technologists, and are promoting unprecedented interactions across traditional disciplinary boundaries. Advances in quantum information will become increasingly critical to our national competitiveness in information technology during this century. 
The teleportation schemes discovered so far were able to teleport one- or two-particle states, while  our scheme can teleport quantum states with unlimited number of particles. Owing to this we can construct a quantum channel of high capacity for secure communications. Therefore, we think the project is highly important for science and technology in Armenia.

Brief survey of the worldwide researches made on the project topic, the competitiveness of the project, and achievements of the group (not more than 2 pages):
Entanglement was first described by Einstein, Podolsky, and Rosen [1] and Schrodinger [2] as a strange phenomenon of quantum mechanics, questioning the completeness of the theory. Later, Bell recognized that entanglement leads to experimentally testable deviations of quantum mechanics from classical physics [3]. Finally, with the advent of quantum information theory, entanglement was recognized as a resource, enabling tasks like the factoring of large composite numbers [4,5], exponential speed-up of quantum computers quantum [6,7,8], quantum cryptography [9,10], quantum teleportation [11,12] and superdense coding [13,14]. Together with the rapid experimental progress on quantum control, this lead to a rapidly growing interest in entanglement theory and many experiments nowadays aim at the generation of entanglement. 

The quantification of entanglement of multipartite pure states is the most important problem in quantum information theory. Intensive studies are under way, and different entanglement measures have been proposed over the years [15-19]. However, it is generally impossible to calculate their value because the definition of any multipartite entanglement measure usually includes a massive optimization over certain quantum protocols or states [20,21,22]. 
Our team (together with Prof. Sudbery from the University of York) has made a breakthrough in the understanding of quantum entanglement of multipartite systems. An intimate connection between quantum entanglement [23,24] and duality [25-28] has emerged. The essence of the new duality, referred to as inverse duality, is the following.

Three-qubit states can be entangled in two inequivalent ways and consist of Greenberger-Horne-Zeilinger(GHZ)-class and W-class states [29]. These classes are mutually exclusive and exhaustive and cannot be transformed to each other via local operations and classical communication nor even stochastically. The inverse duality transformation maps a given GHZ-class state to a W-class state and relates entanglements of those states from the different classes. It has three important consequences.

First, if one knows the geometric measure of entanglement (GM) [17-19,22] of an arbitrary GHZ- or W-class state, then one instantly finds GM of its image from the opposite class. On the other hand GM of general W states has been computed analytically [30] and therefore GM of general GHZ-class states can also be computed using the inverse duality. This task we will carry out together with Prof. Sudbery. Notice, so far Ref.[30] is a unique paper, where an entanglement measure is computed analytically for a class of general n-qubit states.

Second, a duality between pure W states and separable states has already been constructed in Ref.[30] and it has revealed two critical points for GM of W states. Surprisingly, GM of many-qubit W states is universal between two critical points since the first critical point imposes a unique behavior on GM [31]. In fact GM depends only on the Bloch vector with the minimal z-component. Hence one can prepare many-qubit W states, among them low-dimensional, mesoscpic and nanosclae W states, with the required entanglement by altering the Bloch vector of a single qubit.

Third, at the second critical point the reduced density operator of one qubit is a constant multiple of the unit operator and then GM of the W state is absolutely independent of the state parameters. The existence of critical points was already proposed in Ref.[22] , proved for general W states in Ref.[30]  and extended to arbitrary three-qubit states in Ref.[32]. Pure three-qubit states at this point, known as shared quantum states [33], can be used as a quantum channel for the perfect teleportation (dense coding) [11,12,34-37].  Therefore using critical points of multipartite entanglement one can generalize teleportation protocol to arbitrary multi-qubit states. This task we will carry out together with Prof. Park from the Kyungnam University.
On the basis of the multipartite teleportation we will elaborate a quantum communication technology capable to transmit an unlimited amount of information through noisy channels. Note, that a long-distance quantum communication channel of high capacity enables us to solve several problems of practical importance.
Next task of this project is to extend the basic operational entanglement measures,  i.e. the entanglement cost and the distillable entanglement [23,24], to three-qubit states and compute them analytically. The main motivation is that, the behavior of GM of mesoscopic and nanoscale systems is universal between the two critical points [31] and it is unclear is it a specific feature of GM or is it a general feature of an arbitrary entanglement measure? Hence we (together with Prof. Wei from the University of British Columbia) will generalize famous Wootters's concurrence [20] to tripartite systems and use it to fully understand the role of the critical values of quantum entanglement. We  have already made a major step toward the generalization in Ref.[38], where the three-qubit maximally entangled states are derived and classified by a gauge phase.

The progress made to date allows oneself to calculate analytically the entanglement for pure three-qubit systems [39]. The basic idea is to use (n-1)- qubit mixed states to calculate the entanglement of n-qubit pure states [40]. In the case of three qubits this idea converts effectively the nonlinear eigenvalue problem into linear eigenvalue equations. Solutions derived in this way give analytic expressions for GM [22]. Note, non of other methods were able to give explicit solutions for generic three-qubit systems. The developed effective method can be applied to other entanglement measures  and, among them, to the relative entropy of entanglement. The research in this direction was already initiated by our Korean partners [41], where the relative entropy of entanglement of low-rank states is computed.
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Technical Approach and Methodology
I.  Inverse duality of quantum entanglement
We will construct a duality such that slightly entangled GHZ states are mapped to highly entangled W states and, conversely, highly entangled GHZ states are mapped to slightly entangled W states. It is appropriate at this point to recall that the maximal product overlap g(ψ) classifies quantum states as follows. The point g2(ψ) = 1/2 is the second critical value of the entanglement and corresponding states |ψ( are shared quantum states. Subsequently, the states |ψ( with g2(ψ) < 1/2 are highly entangled states and the states |ψ( with g2(ψ) > 1/2 are slightly entangled states. 
The main advantage of the inverse duality is that it connects the maximal product overlaps of a given GHZ-class state and its image W-class state and vice-versa. On the other hand the maximal product overlap uniquely defines GM[19] and therefore if one knows GM of a given W- or GHZ-class state, then one instantly finds GM of its image from the opposite class.
The duality transformation consists of two bijections. The first and the second bijections map GHZ-class and W-class states to separable states respectively as follows

                 GHZ-states  ↔  Separable states  ↔  W-states                                           (1)
This is an analog of electromagnetic and strong-weak dualities and can shed new light on the nature of quantum correlations. For instance, the duality transformation maps a subset of pure GHZ-class states to the subset of mixed W-class states. Indeed, pure GHZ-class states have five independent entanglement parameters, while pure W-class states have three of them and therefore no bijection can connect them. But the full sets of GHZ- and W-class states including both mixed and pure states have the same cardinality and it exists a one-to-one correspondence (3) between these sets.

The duality (1) will be constructed as follows. We have shown that different highly entangled pure W-states have different nearest product states [30]. This makes it possible to map a pure W-state to its nearest product state and quickly obtain its geometric measure of entanglement. More precisely, we have constructed two bijections. The first one creates a map between highly entangled n-qubit W states and n-dimensional unit vectors xn. The second one does the same between n-dimensional unit vectors and n-part product states. Thus we have obtained a double map, or duality, as follows

                          W-states  ↔  xn  ↔  Product states                                                     (2)
The main advantage of the map is that if one knows any of the three vectors, then one instantly finds the other two. Hence we used this duality to find GM of W-class states.

The duality (2) can be extended into two directions: first, it can be extended to the mixed W states and second, it can be extended to arbitrary GHZ states (work in progress). Surprisingly, all of these dualities are parts of a general duality given by the formula (1).
II. Teleportation of unknown multipartite states
Quantum teleportation, or entanglement-assisted teleportation, is a process by which an unknown quantum state can be transmitted exactly from one location to another, without the state being transmitted through the intervening space. The original teleportation algorithm [11,12] allows us to transmit an unknown one-qubit state from one location to another sending 2 bits of classical information. Next teleportation protocols were discovered that allow a sender to faithfully teleport an arbitrary two-qubit state to a receiver sending him a 4 bit classical message [34].

We will extend these teleportation protocols to arbitrary multi-qubit states including mesoscopic and nanoscale pure states. The keystone idea of the extension is that the pure states applicable for perfect teleportation should be shared quantum states and therefore their maximal product overlap should has a critical value.  Hence the perfect teleportation (dense coding) is a quantum critical phenomenon in our approach and owing to this we can extend it to the multipartite teleportation. First we will construct W states that can be used as a quantum channel for a multipartite teleportation. Next we will explicitly show a protocol in which an unknown multiqubit state is faithfully and deterministically teleported from a sender to a receiver.

The duality (1) between W states and product states constructed in Ref.[30] revealed two critical values for GM. The second critical value of GM is fundamental since all W states with this value of GM can be used as a quantum channel for the perfect teleportation and superdense coding. Besides, it guides us to engineer a quantum state for the multipartite teleportation. Consider generalized W-states, which can be written
                       |Wn( = a1|100⋯0( + a2|0100⋯0( + ⋯ an|00⋯01(.                                                (3)    
Without loss of generality we assume that all coefficients are positive and real and 0 ≤ a1  ≤ a2 ≤ ⋯ ≤ an. There is a critical value c of the largest coefficient an, i.e. a function of variables a1, a2,⋯an-1, such that if an < c(a1, a2,⋯an-1), then the W state is highly entangled and if  an > c(a1, a2,⋯an-1),, then the W state is slightly entangled. The shared quantum states at an = c(a1, a2,⋯an-1) are applicable for the perfect teleportation and dense coding. Setting n=2 and a3 = c(a1, a2,)  one gets exactly the original W state applicable for the perfect teleportation [35]. To get a quantum state (up to normalization) capable to teleport an arbitrary n-qubit state one simply uses the recurrence relation (unpublished yet!)

                   |Wk( = |Wk-1( ⊗ |0( + c(a1, a2,⋯ak-1) |00⋯01(,  k=4,5, ⋯ ,n+2                                         (4)
It remains to clarify the teleportation protocol, in particular, the measurement basis [36,37].

III.  Quantum Communication Technology
The basic idea of quantum communication is to take advantage of the oddities of quantum physics, like the uncertainty relation, the superposition principle and randomness. One might argue that the laser, semiconductors, superconductivity, among others, are technologies based on quantum physics. However, the big difference with quantum communication - and more generally with quantum information science and technology - is that it exploits quantum physics at the level of individual quanta.
Quantum teleportation allows for the transmission of quantum information to a distant location despite the impossibility of measuring or broadcasting the information to be transmitted. However, few-qubit teleportation schemes are not of great practical importance since Holevo's bound establishes an upper bound on amount of information that can be encoded in quantum states. More precisely, Holevo's theorem proves that n qubits can represent only up to n classical (non-quantum encoded) bits [A.S. Holevo, Theor. Math. Phys. 14, 145 (1973)]. This is surprising, for two reasons: quantum computing is so often more powerful than classical computing, that results which show it to be only as good or inferior to conventional techniques are unusual, and because it takes 2n  complex numbers to encode the qubits which represent a mere n bits. 

Thus in order to have a quantum channel that is capable to transmit n classical bits one has to have a teleportation protocol that teleports unknown n-qubit states. We know precisely the states that can be used as a quantum channel for multipartite teleportation (see equation (4)), but we do not know the measurement basis and teleportation protocol. 

 Efficient long-distance quantum teleportation is crucial for quantum communication and quantum networking schemes. Present experimental achievements are:
a) in August 2004 the distance of teleportation is increased to 600 meters using optical fiber,  [R. Ursin and et al,  Nature 430, 849 (2004)],
b) the longest distance yet claimed to be achieved for quantum teleportation is 15 km in May 2010 by Chinese scientists over free-space with an average of 89% accuracy, [X.-M. Jin and et al, Nature Photonics 4, 376 - 381 (2010)].
We will rely on these schemes, but develop a quantum communication technology for the teleportation of arbitrary multi-qubit states. First we need to fix the measurement basis and teleportation protocol. Furthermore, real systems suffer from unwanted interactions with the outside world. These unwanted interactions show up as noise in quantum information processing systems. Besides, the perfect EPR state or another highly entangled pure states can not be prepared initially due to noise.  Hence we need to elaborate a  multipartite teleportation through noisy channels by mixed states. We have done it in the case of three-qubits [37] and now we should extended it to the n-qubit case. 
The last remaining question is how much information can be transmitted using present sources of coherent photon beams. Taking into account error corrections, we can assume that the maximal amount is about seven thousand classical bits, but this estimation could be wrong. We should examine the quantum state engineering process and related coherent photon beam generation [31] and then estimate the number of auxiliary photons need to be consumed for error correction. 

Schematically the teleportation process can be illustrated as follows. First, the beam of coherent photons is generated and then the sender and receiver share it.
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Next the sender and receiver use local operations and classical communication to teleport an unknown state.
[image: image2.wmf]
At the last stage the receiver restores the unknown state using the measurement results of the sender.
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The main advantages of the suggested quantum communication technology are:
1. The information stored in the quantum state can not be copied due to no-cloning                                theorem [W.K. Wootters and W.H. Zurek, Nature (London) 299, 802 (1982)].

2. The information being transmitted can not be eavesdropped since the eavesdropper should make measurements that tend unavoidably disturb the quantum state.
3. The teleportation process can not be suppressed since everybody between the sender and receiver has no access to the information stored in the quantum state.
4. The suggested quantum technology is a long-distance(~15km) communication channel.
5. The channel has high capacity and, in principle, the capacity is unlimited which is the contribution of our team.
Our basic research method is the duality which has revealed some important futures of entangled states. Therefore, we will first complete tasks related directly to the duality and next analyze multipartite teleportation and quantum communication technology.
IV. The entanglement cost and the distillable entanglement of multipartite states
Bipartite systems have two basic operational entanglement measures: the entanglement cost and the distillable entanglement [23,24] with the Einstein-Podolsky-Rosen state [1] |EPR( = (|↑↓( + |↓↑()/√2  emerging as the standard metric of entanglement. While the latter measure is the rate at which copies of the maximally entangled EPR state can be concentrated from those of a given state, the former is the rate at which copies of the maximally entangled EPR state need to be consumed for the preparation of the given state. 

The notions of distillable entanglement and entanglement cost are the fundamental concepts of quantum information theory.  However, they have not been properly generalized to multipartite settings yet and this is one of main obstacles to elaborate a theory of multi-particle entanglement. We will extend the entanglement cost and the distillable entanglement to arbitrary multipartite states and compute them analytically for pure three-qubit states.
There is no simple and unique characterization of a maximally entangled state in multipartite settings since the notion of being maximally entangled can depend on the choice of entanglement measures. Then in order to generalize the entanglement cost and the distillable entanglement to multipartite states one has to elucidate an important question of which pure states can be regarded as the maximally entangled states. We gave a clear definition of maximally entangled states as the states for which the maximal product overlap reaches to its greatest lower bound [38]. Then we derived a single-parameter family of maximally entangled three-qubit states by solving nonlinear eigenvalue equations for the maximal product overlap.

We have parameterized the maximally entanglement states with a gauge phase γ in analogue to the two-qubit maximally entangled mixed states parameterized by the entropy. Then the paradigmatic GHZ and W states emerge as extreme members in the family of maximally entangled states. Now a pure state with the given gauge phase γ0 should be diluted from the maximally entangled state with the same gauge phase γ0 (work in progress). Unfortunately this is not the whole story. There are maximally entangled states whose gauge phase is undefined, an example is the GHZ state |GHZ( = (|000( + |111()/√2. One can ascribe an arbitrary phase to the last term of the GHZ state and get an equally good maximally entangled state. All of these maximally entangled states with undefined phases should participate in the entanglement dilution protocol, as one can ascribe the gauge phase γ0 to these states. Then one should dilute a given state from a finite subset of the maximally entangled states and this is just the concept of minimal reversible entanglement generating set(MREGS) [42].

V. Relative entropy of entanglement of pure three-qubit states

The three-qubit system is important in the sense that it is the simplest system which gives a nontrivial effect in the entanglement. Unlike to bipartite systems, tripartite systems have inequivalent entanglement classes and owing to this the entanglement has critical values. Thus, we should understand the general properties of the entanglement in this system as much as possible to go further to more complicated higher qubit systems.
The computation of the relative entropy of entanglement gives a nonlinear eigenvalue problem which, except in rare cases, does not allow complete analytical solutions. Recently the idea was suggested that the nonlinear eigenproblem can be reduced to the linear eigenproblem for the case of three-qubit pure states [39]. The idea is based on a theorem stating that any reduced (n-1)-qubit state uniquely determines an arbitrary entanglement measure of the original n-qubit pure state [39, 40]. This means that two qubit mixed states can be used to calculate the relative entropy of entanglement of three-qubit pure states and this will be fully addressed in this proposal.
The method gives two algebraic equations of degree 6 defining the relative entropy of entanglement. Thus the difficult problem of entanglement calculations is reduced to algebraic equation root finding. The equations contain valuable information, are good bases for the numerical calculations, and may test numerical calculations based on other numerical techniques. Furthermore, the method allows one to find the nearest separable states for three-qubit states of most interest and obtain analytic expressions for their relative entropy of entanglement.

At the last stage we will analyze the relative entropy of entanglement at the critical points of entanglement discovered in [30]. The term critical point has a mathematical and a physical justifications. The mathematical justification is the following. The geometric entanglement measure of quadrilateral three-qubit [33] and general W [30] states have been computed analytically and the answers show the gradient of the measure has a jump at these points. Hence they are critical points. The physical justification is that at the edge of the region of possible values of a quartic polynomial invariant the entanglement of the state is absolutely independent of the remaining five polynomial invariants and then the state acquires an ability to be a quantum channel for the perfect teleportation and dense coding. 

Our aim is to clarify: 

a) whether or not these features  of the criticality are valid for the relative entropy of entanglement too and 

b) does the relative entropy entanglement has its own critical value or is the critical value of GM found in [30]  unique for all entanglement measures?
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