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PROBLEM:

         The main goal of this research project is to investigate certain aspects of the

relation between gauge theories and strings, which follows the line of the modern

development of theoretical high energy physics. It is planned to further study the

string/gauge correspondence, supersymmetric gauge theories and large-N matrix

models which are associated with them. 

        The present project proposes to carry out an extensive research of non-critical string theories and to gain new insight into the structure of integrable systems, their mathematical aspects and to apply it on revealing of new opportunities to construct a string theory in real (d=2,3,4) dimensions. The essential ingredient of our investigations is the string

representation of the 3D Ising model considered on a regular and BCC (body

center cubic) lattices.  We believe that the obtained results will give new insight into quantum chromodynamics and statistical physics, in particular, to extend the existing results about the string/gauge correspondence to the theories with less supersymmetries. 

        The main tasks of the investigation include: 

· mathematical aspects of string and gauge theories; 

· matrix models and supersymmetric gauge theories; 

· numerical study of $Z_2$ gauge theory on a lattice; 

· investigation of the string/gauge correspondence; 

· non-critical string and integrable models. 

The investigation will use the methods of Quantum Field Theory, General Relativity, Superstring Theory and Statistical Mechanics.

OBJECTIVES:

          The main aim of the present project is twofold. First we want to  formulate of a new type of matrix models (motivated by the algebraic Bethe ansatz of integrable systems) and  investigate the possible new aspects of  integrability inherent in these models. We want to use these models in the study of non-critical strings in real (d=2,3,4) dimensions and in the study of plateau-plateau transitions in the quantum Hall effect.

       One of the most important trends in theoretical physics in the last decades is the development of exact methods which are completely different from perturbation theory.

Resolution of the strong coupling problem would give us a full understanding of the structure of interactions in non-abelian gauge theory. One promising possibility of overcoming the limitations of perturbation theory is the application of exact integrability. From this point of view the two dimensional integrable quantum field theories are in a sense a laboratory for investigations of those properties of quantum field theories, which cannot be described via perturbation theory.

Therefore, second line of our investigations have intention to apply the  methods of integrable systems to the  problems of condensed matter physics. Particular emphasize will be made on investigations of transport problem, metal-insulator transitions and problem of graphene.  

These investigations will hopefully result in building new links between different fields of mathematical physics, and will connect string theory,  quantum criticality in disordered systems and transport problems in condensed matter physics.

       The approach will lead to analytic calculations of observable’s in the above mentioned fields.

All  investigations are grouped  into 5  Tasks, which are essentially interrelated. 

Task 1:   The string theories corresponding to integrable models on random surfaces.

        The  technique of representing integrable models as lattice quantum field theories allows a generalization from a regular lattice to various kinds of random lattices and thus offers a unique possibility to consider the integrable models on random surfaces. Moreover, there are some preliminary results demonstrating how to construct the corresponding matrix models, which will allow to advance the technique of  calculation of physical observables even further. One of the major goals of the present project is the development of this approach.

In particular we intend to:

a) Formulate and investigate matrix models corresponding to integrable models on random surfaces. The main difference compared to the conventional approaches is that the kinetic (quadratic) part of the matrix action is defined by the R-matrix of the integrable model.

b) Define and calculate the  new Itzykson-Zuber type integrals which appears in a).

c) The investigation of the string theory corresponding to the XXZ model on random surfaces. 

d) The investigation of the string theory corresponding to the Hubbard model on random surfaces.

Task 2,  Investigation of the string  theoretical approach to 3D Ising model.  The sign-factor of the 3d Ising model is an example of a network model  on random surfaces with a particular R-matrix based on the SU(2)  group. Here we intend to:

a) Investigate integrability of the corresponding $R-$matrix from  the Yang-Baxter equation point of view.

b) Find a topological quantity corresponding to the sign-factor on the basis of conformal field theories with twisted N=2 supersymmetry.

c) Formulate the three particle R-matrix which will reproduce the partition function of 3d-Ising model in its string representation and check if it will satisfy Zamolodchikov's tetrahedron equations, the sufficient conditions for commutativity of the corresponding two dimensional transfer matrices. This work is in progress.

Task 3.  Investigations of form-factors. We use the algebraic Bethe Ansatz and his generalization-off shell Bethe Ansatz, inside of ‘bootstrap program’ construct the form factors for most essential operators.

a) Using off-shell Bethe ansatz equations for Belavin’s 
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-symmetric solution [43] of the Yang-Baxter equations we are going to construct the solutions of the sl(n) invariant KZ equations. In the degenerated case we will get the solutions of trigonometric and elliptic Calogero models.

b) We will also construct O(N) sigma models form factors using the “bootstrap program” and off-shell Bethe Ansatz. We will  provide  some examples, and  calculate the form factors exactly and compare the results with field theoretical 1/N expansion.

c) Generalizing the methods of Tarasov we will construct the off-shell O(N) Bethe Ansatz and apply the results for obtaining the form-factors of the O(N) 
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 - and Gross-Neveu models.

d) We also would like to focus our attention to possible relation newely  established AGT relation between CFT  and Nekrasov partition function in N=2 super Yang-Mils, With the off-shell Betha ansatz technique..

Task 4.  We propose that the relaxation of electrons in metal exited by light above Fermi level    is conditioned not only by electron-phonon interactions (which are the case in conductivity measurements) but also by electron-electron-phonon three particle scattering processes. The investigation of this mechanism is especially important in low dimensional structures - clusters and nanoparticles since in these new objects only the optical measurements are possible. It will also help in identifying the structural peculiarities of MCs and MNPs synthesized by various methods.

a) Calculation of electron-electron, electron-phonon and electron-surface scattering rates in metal during the optical excitation. 

b) Investigation of the contribution of the optical interband transitions and radiation damping mechanism into the surface plasmon linewidth with taking into account the retardation effects in noble metal nanoparticles. 

c)  Development of the method for the identification of cluster symmetry based on spectroscopic measurements with small and medium transition and noble metal clusters of various geometries.

Task 5.   Investigations in Calogero Model. 

a) Construct the complete set of the integrals of motion for the system described by the spherical part of the Calogero Hamiltonian. To extract from this set the Liouville integrals of motion.

b) Investigate the ordering of energy levels for the spin and fermionic quantum chains with $SO(n)$ and $SP(n)$ symmetries. To find the quantum numbers and degeneracies for the ground state.

c) To construct an analogue of the Temperley-Lieb basis for the SU(N) singlet states and to apply it for the investigation of resonating-valence-bond ground states.

Task 6.   Investigation  of new solutions of Yang-Baxter equation

Consideration of the YB equations with the R-matrices having the given quantum symmetry at roots of unity will give essentially new solutions due to the existence of the indecomposable representations. We will observe the cases sl
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(1|2). Earlier we have analyzed in details the finite dimensional non-reducible representations (and their fusion rules) of the quantum super-algebra osp
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(1|2) at roots of unity and confirmed their equivalence with the corresponding representations of the algebra sl
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(2).  

Description of deliverables. 

The results of all investigations will be published in well known international journals:

Nuclear Physics B, Phys. Rev. D, B, Journal of Phys. A. C, JHEP, Phys. Rev. Lett.

Phys. Lett. A. B. 

IMPACT:

The relevance of a project trying to define string theory in non-critical dimensions is hard to underestimate. The excitement of the superstring theory when it first entered in a serious way as a ``theory of everything'' was tremendous. Not much of this excitement is left today and many people (non-string theorists in particular) talk ironically about a ``theory of nothing''. While it might not be so bad, it is clear that a relation to the world as we observe it has not yet been established. While this does not disprove the superstring approach it is clear that it calls for alternative approaches to be taken seriously. At the present stage diversity should be encouraged, and the present approach represents an alternative. Non-critical string theory in 4d has the potential of being a theory of quantum gravity, which is what we desperately are looking for. It does not present a unification of gravity with the rest of the forces, but who are we to dictate that there has to be such a unification. Again, experiments should hopefully show us whether or not there is such a unification. Considering the present state of superstring theory we consider the proposed project as highly relevant and very timely.

Before moving to four-dimensional non-critical string theory it is important to establish that one has at all the possibility of studying non-critical strings in dimensions larger than one, and a major part of this proposal deals with this aspect. Here it shouldbe noted that the string representation of the 3d Ising model serves as an important inspiration, as often emphasized by Polyakov. And this model indeed plays an important role in our research proposal.

Brief survey of the worldwide researches made on the project topic, the competitiveness of the project, and achievements of the group (not more than 2 pages):

           New type of Matrix model is developed in a paper [1] which allows to consider integrable models on a random surface. This gives possibility to formulate new  type of non-critical strings. 

      Correct continuum limit of Chalker-Coddington network model was constructed in a paper [2].

           In the paper [3] the complete conformal spectrum of the network model  and the logarithmic corrections were derived by representation theoretical tools. Asymptotically, the scaling dimensions show a degeneracy growing exponentially with one of the quantum numbers. The physical relevance of these results is that any correlation function (of either bosonic or fermionic local fields) and the response to perturbations away from criticality can be written down.

       The CC-model was investigated in various works of A. Sedrakyan. In [54, 55] an exact action (Lagrangian) formulation of the original CC transfer matrix model as a field theory on the 2D lattice was given. First of all it was shown, that before taking into account the disorder over U(1) phases, the CC-model is equivalent to some inhomogeneous modification of the XX model in the background of U(1) fields. The basic element of this construction is the fermionized version of the standard R-operator of the XX model, where the transfer matrix is a staggered product of 
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-rotated R-operators. The Landauer resistance of the CC-model based on the average over random U(1) phases of the direct product of the transfer matrix and its complex conjugate was analyzed. By use of the powerful technique of the algebraic Bethe ansatz the eigenstates of the model and the corresponding spectral parameters (from Bethe equations) were obtained. A network model of CC-type based on SU(2) group (instead of U(1)), developed in [57] in connection with 3d Ising model, can be applied to SQHE. The Bethe equations derived by A.S. are a good starting point for the further application of the non-linear integral equation approach developed by Klümper for the investigation of the critical behavior of the plateau transitions.

        Some preliminary work was done also on investigations of random network models. In the papers [7,8], a technique was developed for the formulation of the action of any random network model. This form gives an outlook for generalizations of the CC-model on random networks, to understand the deviations of the numerical values of the localization length obtained in recent calculations from the experiments. The new numerical technique [5] for the calculation of the Lyapunov exponent in the CC-model is expected to be applicable to random networks and other problems like the Anderson localization.

        In the form-factor program the corresponding quantities in sine-Gordon model are calculated in [17], and it is established the quantum field equation of motion in [19]. The indecomposable representations of a quantum super-group at roots of unity and their fusions are analysed in [58]. 
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Technical Approach and Methodology 

     The most challenging problem in theoretical high energy physics is the unification of gauge theories (electroweak theory and quantum chromodynamics) with the theory of gravitation. The most prominent feature of the new theory would be the construction of a quantum theory of gravity and the understanding of  confinement in the theory of strong interactions.  

     At present the only known candidate which can possibly unify  all the types of fundamental interactions and  solve the problems of gravity and confinement is the superstring theory. This theory was originally proposed in the  early 1970's as a model  describing hadrons, the dynamics of which is governed by the strong interactions. Shortly  after that it was  realized that in its simplest form the string theory could not   describe strong interactions and, in fact, it was much more suitable as a model  that contains quantum gravity. This idea obtained significant impetus in the middle of the 1980's after  discovery of anomaly cancelation and the emergence of internally consistent perturbative superstring theories.

    In parallel to this development  there were extensive studies of string theory in the so-called Polyakov's approach which is based on the Feynman quantization scheme. The hope was to go away from critical dimensions (26 for bosonic strings and 10 for superstrings) where quantization can be performed while preserving all the symmetries of the model. One essential ingredient of this approach is the study conformal field theories on two-dimensional  random surfaces, i.e.\ the combined study of the dynamics of the conformal field theories and the dynamics of the random surfaces. These theories are non-critical string theories and apart from being models of string theory and of two-dimensional quantum gravity coupled to matter they also reveal amazing new aspects of conformal field theory. One of the beautiful aspects of non-critical string theory is that it allows an explicit (lattice) regularization of the field theory via the use of so-called dynamical triangulations, and that this regularization turned into a virtue via the use  of random matrix theory which allows one solve analytically the regularized theory and then take the continuum limit. Whenever results can be compared with continuum calculations using the machinery of conformal field theory the results agree.

However the theory of non-critical strings is successful only  for effective dimensions (or, in other words, central charge of matter fields) less or equal to one. The problem of the conformal anomaly can be solved only for these values of the central charge. Therefore, quantization of strings in ``physical''  dimensions (d=2,3,4) is still an open and important problem; it is especially attractive to try to use some kind of string picture in the theory of strong interaction (where it originated back in the seventies). All evidence suggests that there should exist an effective string theory of strong interactions because of confinement: due to the nontrivial structure of the ground state of non-Abelian gauge theories, the gauge fields form a flux tube between quarks, which can be approximated by strings. Moreover, the string picture naturally appears in the strong coupling limit of non-Abelian gauge theories on a lattice, where partition function can be represented as a functional integral over random surfaces with some additional structure on them.

    A clear example of such representation is provided by the 3d Ising model (3DIM), which is the simplest gauge theory in 3d with the group $Z_2$. One can formulate it as a model of 2d random surfaces imbedded into three dimensional Euclidean space with fermionic degrees living on the random surface. On the other hand it can be formulated as an ordinary statistical model with ``field degrees of freedom'' living on the lattice sites and at the critical point it is believed to correspond to a non-trivial continuum field theory. The theory cannot be solved analytically, but critical indices etc can be calculated with standard approximation techniques. This fact that there exists such a continuum quantum field theory and that it has a fermionic random surface representation indicates the possibility of quantization of strings in 3d (a point of view which have been advocated repeatedly by Polyakov) and the study of this problem constitutes an important part of the research proposal.

 One of the possible ways to revitalize Polyakov's approach to non-critical string theory is to  consideration  lattice regularized integrable models with interactions on random surfaces and correctly analyze their continuum limit. In the vicinity of the critical point integrable models with interaction are also conformally invariant and therefore their behavior on random surfaces will extend our understanding both of strings and of conformal theories. Moreover, even when the models have a mass gap  the interaction of excitations with the surface fluctuation (with 2d gravity) may create new, non-trivial quantum critical points. Our motivation is that this approach might present a new mechanism to cross the d=1 barrier since the problem in the older models was that the interaction between matter and the surface became too strong and thus led to a phase transition where the random surface degenerated into so-called branched polymers. A non-trivial matter interaction or a mass gap might cure this problem and  the study of interacting integrable models on random surfaces constitutes a major part of this proposal.

     We see two directions of research. First one can try to generalize the Lagrangian formulation of integrable models such that one can implement the integrable models on any surface and then finally analyze the continuum limit of the combined system of matter and surface fluctuations near the critical point. The algebraic Bethe ansatz (ABA) (or quantum inverse scattering method) is a Hamiltonian approach which falls within this line of attack. Investigations in this direction have already been started \footnote{A. Sedrakyan, Phys.Rev.B. 68, 235329 (2003), and in contribution to the proceedings of Advanced NATO Workshop on Statistical Field Theories, Editors: A.Capelli, G.Mussardo, Como, June 18-23, 2001.}. However, the main aspects like the role of the Yang- Baxter equation for the models on random surfaces and the technique of summation over random surfaces  need to be elaborated upon. In order to proceed  one can try to  formulate a new type of random matrix model, where the kinetic (quadratic) part of the matrix action depends on the R-matrix of the integrable model under consideration. We consider this line of research as potential very promising, based on some preliminary (unpublished) calculations. Random matrices have been used not only in the non-critical string theory as described above,  but also in a wide variety of physical systems including quantum chromodynamics, complex nuclei, chaotic systems and disordered mesoscopic conductors. The theory deals with the statistical properties of large matrices with randomly distributed elements. The probability distribution of the matrix elements is taken as input, from which the correlation functions of eigenvalues and eigenvectors are derived as output. From the correlation functions one can obtain the physical properties of the system. Of particular interest for us is the way random matrix have been used in the string representation of $SU(N)$ gauge theories for large N proposed by t'Hooft. Representing the gauge field propagators in Feynman diagrams by double lines of opposite orientation, one can easily see that we obtain an orientable surface. It can be shown that this surface can be identified with the so-called random Manhattan lattices. Then the Feynman diagram can be regarded as a partition function for some kind of a model of statistical physics. (The elaboration of these ideas is part of Task 1 of the research proposal.)

   As mentioned above matrix models constitute a versatile tool. The second direction, and an independent motivation for the investigation and development of the new type of matrix model in Task 1 is its connection with a class of random network models which have important applications in solid state physics, in particular in the quantum Hall effect. The Chalker-Coddington network model is a phenomelogical model developed in order to describe the plateau-plateau transitions in the quantum Hall effect. The model shows critical behavior with the critical index being quite close to the corresponding experimental value. This network model has been investigated by Zirnbauer using so-called supersymmetric random matrix models. It has been shown, that the continuum limit of the Chalker-Coddington network model corresponds to a supersymmetric non-linear  sigma-model with a topological term, formulated earlier by Pruisken et al. However, first of all analytical calculation of the critical exponent in the Chalker and Coddington network model still remains an open problem, even having at hand the supersymmetric non-linear  sigma-model. Secondly, recent numerical investigations of the multicritical behavior in Chalker-coddington model\footnote{F.Evers,A.Mildenberger,A.D.Mirlin-Phys.Rev.Lett.101,116803(2008); H.Obuse,A.R.Subramaniam, A.Furusaki,I.A.Gruz\-berg,A.W.W.Ludwig-Phys.Rev.Lett.101,116802(2008).} indicate that sigma model approach to the plateau-plateau transitions is too simplified. Moreover, recent high-precision numerical studies \footnote{K.Slevin,T.Ohtsuki-Phys.Rev.B80,041304(2009); M.Amado,A.Malyshev,A.Sedrakyan,F.Dominguez-Adame-arxiv:0912.4403v1.}  show that the localization index in flat CC model nevertheless is different from experimental value. Clearly there is a gap between the understanding of the physics and the technical capacities. In this project we intend to fill this gap by developing an alternative analytic technique by using the random matrix models related to 2d-gravity (developed in Task 1) as a (hopefully better) model of the randomness of the network. Some work already in progress and there are preliminary results \footnote{J. Ambjorn, A. Sedrakyan, article  in preparation}.

Quite remarkable it appears \footnote{A. Sedrakyan, Nucl.Phys. B554 (1999) 514; and Contribution to the proceedings of Advanced NATO Workshop on Statistical Field Theories, Editors: A.Capelli, G.Mussardo, Como, June 18-23, 2001.} that the Chalker-Coddington network model is the $U(1)$-group version of the so called sign-factor model of three dimensional Ising model in flat space\footnote{A. Kavalov, A. Sedrakyan, Nucl. Phys. B 285, (1987) 264-278.}, in this way bringing together all the aspects mentioned above in a quite unexpected way. Our preliminary investigations show that the extension of the Chalker-Coddington model which includes {\em randomness of the network} is necessary as a result result of a hidden reparametrization invariance of the model. This fact is a strong indication that the  Chalker-Coddington model is related to non-critical string theory. It is necessary to carry out some numerical investigations of the localization length in Chalker-Coddington model on random networks in order to check the above statements. This investigation are forming our second main direction of investigation (and is described in Task 2), but as described, quite surprisingly it might be closely related to the non-critical string theory research we have advocated above.

    We strongly believe that this link between string theory and condensed matter physics has a great potential leading to progress  in quantum Hall physics as well as in the field of disordered conductors.
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